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Masters in General Management 2006 -2007
Elementary Mathematics: Brush-Up

1. Objective

Re-freshing some very basic mathematics in preparation to further courses.

2. Required literature

Absolutely none.

3. Evaluation of students

Theoretical examination: 0 % - Practical examination: 0 % - Class Participation: 100 %

4. Credits

The contents of this booklet were borrowed from 

http://www.ohaganbooks.com/StudentSite/tutindex.html

Further topics, explanations and examples can be found on their site. Buy Ohagan books!

5. The academic ‘team’

Questions – remarks – complaints – mathematical (and other) troubles, one address:

Filip Goeman
Operations and Technology Magement Centre (1st floor)

filip.goeman@vlerick.be

"Obvious" is the most dangerous word in mathematics

(Bell, Eric Temple)

A. Algebra Review

	A.1 Real Numbers
	


The real numbers are the numbers that can be written in decimal notation, including those that require an infinite decimal expansion. The set of real numbers includes all integers, positive and negative; all fractions; and the irrational numbers, those whose decimal expansions never repeat. Examples of irrational numbers are
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 = 1.414213562373...
	( = 3.141592653589...
	


It is very useful to picture the real numbers as points on the real line, as shown here:

[image: image3.png]



Note that larger numbers appear to the right: if a < b then the point corresponding to b is to the right of the one corresponding to a.

The five most common operations on the set of real numbers are:

	Addition
	a + b
	
	
	
	
	
	
	
	

	Subtraction
	a - b
	
	
	
	
	
	
	
	

	Multiplication
	a ( b
	or
	a * b
	or
	a . b
	Or
	a . b
	or
	ab

	Division
	a / b
	or
	a ( b
	or
	a : b
	
	
	
	

	Exponentiation
	ab
	or
	a ^ b
	
	
	
	
	
	


"Exponentiation" means the raising of a real number to a power; for instance: 23 = 2.2.2 = 8. 
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When we write an expression involving two or more of these operations, such as

we agree to use the following rules to decide on the order in which we do the operations:

	
	1. Parentheses and Fraction Bars

2. Exponents

3. Multiplication & Division

4. Addition and Subtraction


Standard Order of Operations

1. Parentheses and Fraction Bars

Calculate the values of all expressions inside parentheses or brackets first, using the     standard order of operations, and working from the innermost parentheses out. When dealing with a fraction bar, calculate the numerator and denominator separately and then do the division.
2. Exponents

Next, raise all numbers to the indicated powers.

3. Multiplication & Division

Next, do all the multiplications and divisions from left to right.

4. Addition and Subtraction

Last, do the remaining additions and subtractions from left to right.

	A.2 Exponents and Radicals
	


1. Integer Exponents

a) Positive Exponents

If a is any real number and n is any positive integer, then by an we mean the quantity a.a.….a (n times). Thus, a1 = a, a2 = a.a, a5 = a.a.a.a.a

The number a is called the base and the number n is called the exponent. 

Here are some examples with actual numbers: 

	
	32 = 9
	Base 3 exponent 2
	

	
	23 = 8
	
	

	
	034 = 0

	0 to any positive power is 0
	

	
	(-1)5 = -1
	
	


The following rules show how to combine such expressions:
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Caution

In identities (a) and (b), the bases of the expressions must be the same. For example, rule (a) gives 3234 = 36, but does not apply to 3242.

People sometimes invent their own identities, such as am + an = am+n, which is wrong! (If you don't believe this, try it out with a = m = n = 1.) If you wind up with something like 23 + 24, you are stuck with it -- there are no identities around to simplify it further.

b) Negative and Zero Exponents

It turns out to be very useful to allow ourselves to use exponents that are not positive integers. These are dealt with by the following definition. If a is any real number other than zero and n is any positive integer, then we define:
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If a is any real number other than zero, then we define
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Examples :
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2. Radicals and Rational Exponents

We will first discuss even-numbered roots. If a is any non-negative real number, then its square root is the non-negative number whose square is a. For example, the square root of 16 is 4, since 42 = 16. Similarly, the fourth root of the non-negative number a is the nonnegatve number whose fourth power is a. Thus, the fourth root of 16 is 2, since 24 = 16. We can similarly define sixth root, eigth root, and so on.

There is a slight difference with odd-numbered roots. The cube root of a real number a is the number whose cube is a, so that, for example, the cube root of 8 is 2 (since 23 = 8). Note that we can take the cube root of any number, positive, negative or zero. For instance, the cube root of 8 is 2, since (2)3 = 8. Unlike square roots, the cube root of a number may be negative. In fact, the cube root of a always has the same sign as a. The other odd-numbered roots are defined in the same way.

We use "radical" notation to designate roots, as shown below:
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Here are some of the algebraic rules governing radicals:

(In the following identities, a and b stand for any real numbers. In the case of even-numbered roots, they must be non-negative)
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Rather than working all the time with radical expressions, we can convert all radical notation to exponential notation, as follows: (Throughout, we take a to be positive, unless the denominator in the exponent is odd.)

We can use fractional exponents for expressions involving radicals as follows:
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In general, we can use the following rule:
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Question: Do all the usual rules for exponents work with frational exponents?


Answer: Yes. Here is a summary of these rules -- the same as those we saw in the previous topic -- but this time we permit the exponents p and q to be rational numbers (rather than integers as before):
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	A.3 Multiplying and Factoring Algebraic Equations
	


1. Multiplying Algebraic Expressions

One of the most important mathematical tools for multiplying algebraic expressions is the distributive law for real numbers, recalled here:
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Some Identities:
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2. Factoring Algebraic Expressions

We can think of factoring as applying the distributive law in reverse. For example, 

2x2 + x = x(2x + 1),

which can be checked by using the distributive law. The first technique of factoring is to locate a common factor -- that is, a term that occurs as a factor in each of the expressions being added or subtracted. For example, x is a common factor in 2x2 + x, since it is a factor of both 2x2 and x. On the other hand, x2 is not a common factor, since it is not a factor of the second term, x.

Once we have located a common factor, we can "factor it out" by applying the distributive law.

Examples of Factoring Algebraic Expressions:
[image: image14.png]1 The expression 23 — 2 + x has x5 a common factr, 50
28 2 +xms(2d —x+1)

2. 22 + sl B «commn fstor, 20
27+ dx= 2o(x +2)

3. 28y +15? —PyP has a8 comanon fctor, 50

28y~ = ayxty 1),




Factoring can be used for solving equations and an example of this can be found under A.5.4 (Solving Quadratic Equations by Factoring).

	A.4 Rational Expressions
	


A rational expression is an algebraic expression of the form P/Q, where P and Q are simpler expressions (usually polynomials), and the denominator Q is not zero.
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We can manipulate rational expressions in the same way that we manipulate fractions. Here are the basic rules:
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	A.5 Solving Polynomial Equations
	


1. Equations

An equation is the statement that two mathematical expressions are equal. In other words, it consists of two mathematical expressions separated by an equal sign. 

The letters that occur in an equation signify numbers. Some stand for well-known numbers, such as (, c (the speed of light: 3(108m/sec) or e (the base of natural logarithms: 2.71828…). Some stand for variables or unknowns. Variables are quantities (such as length, height, or number of items) that can have many possible values, while unknowns are quantities whose values you may be asked to determine. The distinction between variables and unknowns is fuzzy, and mathematicians often use these terms interchangeably.

A solution to an equation in one or more unknowns is an assignment of numerical values to each of the unknowns, so that when these values are substituted for the unknowns, the equation becomes a true statement about numbers.

Example: x + y = 7 is a linear equation in two unknowns, x and y. A solution to this equation is x = 2, y = 5, or (2, 5), since substituting 2 for x and 5 for y yields the true statement 2 + 5 = 7.

Some other solutions are (0, 7), (0.5, 6.5), and (-2, 9). 

We could also think of x + y = 7 as an equation in two variables, as the numbers x and y could stand for quantities that can vary. For example, x could stand for the number of days per week you attend math class and y for the number of days per week you don't attend math class. The equation x + y = 7 then amounts to the statement that there are a total of seven days in the week. If you knew the number x, you could find the remaining unknown, y. 

An equation in one unknown has exactly one variable, and the courier x is traditionally reserved for that purpose (like most traditions, it is not strictly followed). 

Here are a few equations in one unknown: 

	
	3x + 4 = 0 
x2 - 3x + 2 = 0 
4x4 + 11x2 + 9 = 0 
x5 - 10x + 5 = 0 x0.5 -2x2 = 4x


There are two methods of solving an equation: analytical and numerical. To solve an equation analytically means to obtain exact solutions using algebraic rules. To solve it numerically means to use a computer or a graphing calculator to obtain solutions. Here, we shall concentrate on the analytical approach.

We should point out that almost anything can happen when you try to solve an equation. Here are the possibilities, illustrated by examples:

1) Unique Solution

This means that the equation has one, and only one, solution. 

Example: The equation 3x + 12 = 0 has the unique solution x = 4.

Sometimes the solution is not so easy to find. Often, it cannot be found at all analytically. An example is x5-10x+10 = 0, whose unique real solution can only be found numerically.

2) Two or More Solutions


An equation can often have more than one solution. 

Example: The equation x2 - 3x + 2 = 0 has the following two solutions: x = 1 and x = 2.

Just as in the case of a unique solution, multiple solutions may not be easy to find. An example is x5-10x+5 = 0, whose three real solutions can only be found numerically.

3) No Solutions 


The equation 4x4 + 11x2 + 9 = 0 has no real solutions. 

We first write the equation as 4x4 + 11x2 = 9. If we substitute any value for x whatsoever, then the left-hand side, involving even powers of x, is nonnegative, whereas the right-hand side is manifestly negative, making the equation into a false statement. So there can't be a value for x that would make it true.

2. Polynomial Equations

A polynomial equation is an equation that can be written in the form 

axn + bxn-1 + . . . + rx + s = 0,

where a, b, . . . , r and s are constants. 

We call the largest exponent of x appearing in a non-zero term of a polynomial the degree of that polynomial. 

Examples: 


1) 3x + 1 = 0 has degree 1, since the largest power of x that occurs is x = x1. Degree 1 equations are called linear equations.

2) x2 - x - 1 = 0 has degree 2, since the largest power of x that occurs is x2. Degree 2 equations are also called quadratic equations, or just quadratics.

3) x3 = 2x2 + 1 is a degree 3 polynomial (or cubic) in disguise. It can be rewritten as x3 - 2x2 - 1 = 0, which is in the standard form for a degree 3 equation.

4) x4 - x = 0 has degree 4. It is called a quartic.

In what follows, we will mainly concentrate on lineair equations, as these are both simple and important for upcoming courses!

As the solution of quadratic equations is rather basic as well, we will briefly repeat how to solve these too.

3. Solution of Linear Equations

By definition, a linear equation can be written in the form ax + b = 0,

where a and b are fixed numbers with a ( 0. 

Solving this is a nice mental exercise: subtract b from both sides and then divide by a, getting x = -b/a. Don't bother memorizing this formula, just go ahead and solve linear equations as they arise.

4. Solution of Quadratic Equations

By definition, a quadratic equation has the form ax2 + bx + c = 0, 

where a, b, and c are fixed numbers and a ( 0.  

The solutions of this equation are also called the roots of ax2 + bx + c. There are two ways of solving these equations -- one works sometimes, and the other works every time.

Solving Quadratic Equations by Factoring (works sometimes)
If we can factor a quadratic equation ax2 + bx + c = 0, we can solve the equation by setting each factor equal to 0. 

Examples

	1.
	x2 + 7x + 10 = 0
	

	
	(x + 5)(x + 2) = 0    
	Factor the left-hand side

	
	x + 5 = 0 or x + 2 = 0    
	If a product is zero, one or both factors is zero

	
	Solutions: x = -5 and x =-2
	

	
	
	

	2.
	2x2 - 5x - 12 = 0
	

	
	(2x + 3)(x - 4) = 0
	Factor the left-hand side

	
	Solutions: x = -3/2 and x = 4
	


Test for Factoring


The quadratic ax2 + bx + c, with a, b, and c being integers (whole numbers), factors into an expression of the form (rx + s)(tx + u) with r, s, t and u being integers precisely when the quantity b2- 4ac is a perfect square (that is, it is the square of an integer). If this happens, we say that the quadratic factors over the integers.

Examples

x2 + x + 1 has a = 1, b = 1, and c = 1, so b2 - 4ac = -3, which is not a perfect square. Therefore, this quadratic does not factor over the integers.

2x2- 5x -12 has a = 2, b = -5 and c = -12, so b2 - 4ac = 121. Since 121 = 112, this quadratic does factor over the integers (we factored it above).

Solving Quadratic Equations with the Quadratic Formula (works every time)

The solutions of the general quadratic equation ax2 + bx + c = 0 (a [image: image17.png]


0) are given by 
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We call the quantity ( = b2 - 4ac the discriminant of the quadratic (( is the Greek letter delta) and we have the following general principle:

	
	If ( is positive, there are two distinct real solutions.

If ( is zero, there is only one real solution: x = -b/2a. 

If ( is negative, there are no real solutions.
	


 We will show some examples on the next page.
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5. Solution of Higher-Order Polynomial Equations

Cubics: 

There is a method to find the solutions of cubics, but as these will not be used in this year’s courses, we will not further elaborate on this subject. For more info, see:

http://www.ohaganbooks.com/StudentSite/tut_alg_review/framesA_5B.html

Quartics: 

Just as in the case of cubics, there is a formula to find the solutions of quartics.  

Quintics and Beyond: 

All good things must come to an end, we're afraid. It turns out that there is no "quintic formula." In other words, there is no single algebraic formula or collection of algebraic formulas that will give the solutions to all quintics. This question was settled by the Norwegian mathematician Niels Henrik Abel in 1824 after almost 300 years of controversy about this question. (In fact, several notable mathematicians had previously claimed to have devised formulas for solving the quintic, but these were all shot down by other mathematicians-this being one of the favorite pastimes of practitioners of our art.) 

The same negative answer applies to polynomial equations of degree 6 and higher. It's not that these equations don't have solutions, just that they can't be found using algebraic formulas.  However, there are certain special classes of polynomial equations that can be solved with algebraic methods...

B. Functions

	B.1 Functions from the Numerical and Algebraic Viewpoints
	


Functions and Domains

A real-valued function f of a real variable is a rule that assigns to each real number x in a specified set of numbers, called the domain of f, a single real number f(x). 

The variable x is called the independent variable. If y = f(x) we call y the dependent variable. 

A function can be specified: 

	
	Numerically :
	by means of a table

	
	Algebraically :
	by means of a formula

	
	Graphcially :
	by means of a graph (discussed in the next tutorial.)


Note on Domains

The domain of a function is not always specified explicitly; if no domain is specified for the function f, we take the domain to be the largest set of numbers x for which f(x) makes sense. This "largest possible domain" is sometimes called the natural domain.

A Numerically Specified Function


Suppose that the function f is specified by the following table. 

	
	x
	0
	1
	2
	3

	
	f(x)
	3,01
	-1,03
	2,22
	0,01


Then, f(0) is the value of the function when x = 0. From the table, we obtain

	
	f(0) = 3,01
	Look on the table where x = 0

	
	f(1) = -1,03
	Look on the table where x = 1


and so on.

An Algebraically Specified Function


Suppose that the function f is specified by f(x) = 3x2  4x + 1. Then 

	
	f(2)
	= 3(2)2  4(2) + 1
	Substitute 2 for x

	
	
	= 12  8 + 1 = 5
	

	
	
	
	

	
	f(1)
	= 3(1)2  4(1) + 1
	Substitute -1 for x

	
	
	= 3 + 4 + 1 = 8
	


Note: Since f(x) is defined for every x, the domain of f is the set of all real numbers.

	B.2 Functions from the Graphical Viewpoint
	


Graph of a Function 

The graph of the function f is the set of all points (x, f(x)) in the xy-plane, where we restrict the values of x to lie in the domain of f. 

To obtain the graph of a function, plot points of the form (x, f(x)) for several values of x in the domain of f. The shape of the entire graph can usually be inferred from sufficiently many points.

Example 

To sketch the graph of the function 

	
	f(x) = x2
	: Function notation

	
	y = x2
	: Equation notation


with domain the set of all real numbers, first choose some values of x in the domain and compute the corresponding y-coordinates. 

	
	x
	-3
	-2
	-1
	0
	1
	2
	3

	
	y = x2
	9
	4
	1
	0
	1
	4
	9


Plotting these points gives the picture on the left, suggesting the graph on the right:
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If only the graph of a function is given to begin with, we say that the function has been specified graphically. Here is an example of a graphically specified function.

	B.3 Linear Functions 
	


1. Basics : Slope and Intercept

A linear function is one that can be written in the form 

	
	f(x) = mx + b
	: Function form
	Example: f(x) = 3x - 1
	m = 3, b = -1

	
	y = mx + b
	: Equation form
	Example: y = 3x - 1
	


where m and b are fixed numbers (the names m and b are traditional).
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A linear function is one whose graph is a straight line (hence the term "linear"). The graph of the above example looks like this:

The Role of b in the equation y = mx + b

Let us look more closely at the above linear function, y = 3x - 1, and its graph. This linear equation has m = 3 and b = -1. Notice that that setting x = 0 gives y = -1, the value of b. 

Numerically, b is the value of y when x = 0

On the graph, the corresponding point (0, -1) is the point where the graph crosses the y-axis, and we say that b = -1 is the y-intercept of the graph 

Graphically, b is the y-intercept of the graph

The Role of m in the equation y = mx + b

Notice from the table that the value of y increases by m = 3 for every increase of 1 in x. This is caused by the term 3x in the formula: for every increase of 1 in x we get an increase of 3(1 = 3 in y. 

Numerically, y increases by m units for every 1-unit increase of x.

On the graph, the value of y increases by exactly 3 for every increase of 1 in x, the graph is a straight line rising by 3 for every 1 we go to the right. We say that we have a rise of 3 units for each run of 1 unit. Similarly, we have a rise of 6 for a run of 2, a rise of 9 for a run of 3, and so on. Thus we see that m = 3 is a measure of the steepness of the line; we call m the slope of the line.

Geometrically, the graph rises by m units for every 1-unit move to the right; 

m is the slope of the line.

Here is the graph of y = 0.5x + 2, so that b = 2 (y-intercept) and m = 0.5 (slope).
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Notice that the graph cuts the y-axis at b = 2, and goes up 0.5 units for every one unit to the right. Here is a more general picture showing two "generic" lines; one with positive slope, and one with negative slope.
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Mathematicians traditionally use ( (delta, the Greek equivalent of the Roman letter D) to stand for "difference," or "change in". For example, we write (x to stand for "the change in x". 

Let us take another look at the linear equation y = 3x - 1

Now we know that y increases by 3 for every 1-unit increase in x.
Similarly, y increases by 3 ( 2 = 6 for every 3-unit increase in x.


In general, y increases by 3(x units for every (x-unit change in x. Using symbols:

	
	(y
	=
	3(x
	
	Change in y = 3 ( Change in x

	or
	(y / (x
	=
	3
	
	= slope


Question: How do these changes show up on the graph?


Answer: Here again is the graph of y = 3x - 1 , showing two different choices for (x and the associated (y. 
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To summarize

The slope of a line is given by the ratio
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For positive m, the graph rises m units for every 1-unit move to the right, and rises (y = m(x units for every (x units moved to the right. For negative m, the graph drops |m| units for every 1-unit move to the right, and drops |m|(x units for every (x units moved to the right.
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Graph of y = mx + b

	
	Positive Slope
	
	Negative Slope
	


Computing the Slope of a Line

We can compute the slope m of the line through the points (x1, y1) and (x2, y2) using
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3. Finding the Equation of a Line.

In the previous paragraph we studied the meaning of the slope, m, and intercept, b, of a linear function f(x) = mx + b.

Now we would like to find the equation of a linear function. 


Finding this equation depends on the information you have about the linear function. If, for example, you know the slope and intercept, then you can simply write down the function without the need for any computation. 

Example: The linear equation with slope 5 and y-intercept -3 is: y = 5x - 3.

When the intercept is unknown, the most systematic way of obtaining the equation of a line -- and this is a method that always works -- is to use the slope-intercept formula, for which we need to know two things about the line: 

a point on the line 

the slope of the line 

(This is the minimum information we need to know: knowing the slope tells us the direction of the line, and knowing a point fixes its position in space.)

Slope-Intercept Formula 

The equation of the line through the point (x1, y1) with slope m is given by:
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When to Apply the Point-Slope Formula

 
Apply the point-slope formula to find the equation of a line whenever you are given information about a point and the slope of the line. The formula does not apply if the slope is undefined (as in a vertical line; see below).

Examples

1. The line through (2, 3) with slope 4 has equation

	
	y
	=
	y1 + m(x - x1)
	
	

	
	
	=
	3 + 4(x - 2)
	m = 4, (x1, y1) = (2, 3)
	

	
	
	=
	3 + 4x - 8
	
	

	
	
	=
	4x – 5
	
	


2. The line through (2, -1) with slope -1 has equation y = 1 – x

3. The line through (-1, 0) with slope 3 has equation y = 3x + 3

4. The vertical line through (2, -3) has equation x = 2

Note that the point-slope formula does not apply here, since the slope of the line is undefined.

Direct Formula for a Line
The equation of the line through the point (x1, y1) with slope m is given by 
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Examples

1. The line through (-1, 3) with slope 2 has: b = y1 - mx1 = 3 - 2(-1) = 6, 

and so the equation is y = 2x + 6.

2. The line through (1, -3) with slope 4 has: b = y1 - mx1 = –3 – 4(1) = –7,

and so the equation is y = 4x -7.

Finding the Equation of a Line When a Point and Slope are Not Given Directly

Often, you will need to find the line when you are given the "point and slope" information less directly. For instance, you may be given two points and asked to find the line through them. The way to treat them is to first find a point and the slope, and then to proceed as above.

Example
The line through (3, -1) and (1, 2):

For the point, use either (3, -1) or (1, 2). 

We are not given the slope directly, but we can find it from the two points: 

	
	m
	=
	(2 – (–1)) / (1 – 3)
	

	
	
	=
	3 / (–2)
	

	
	
	=
	–1,5
	


	And
	b
	=
	y1 – mx1
	=
	–1–(–1,5)(3
	=
	3,5
	
	Point (3, -1)

	
	
	
	or
	=
	2 – (–1,5) (1
	=
	3,5
	
	Point (1, 2)


So, the equation is y = –1,5x + 3,5.

C. The Real Stuff

	C.1 Systems of Two Equations in Two Unknowns
	


1. Definitions

First, a linear equation in two unknowns x and y is an equation of the form ax + by = c, where a, b, and c are numbers, and where a and b are not both zero. 

Examples of Linear Equations
	
	4x + 5y = 0
	This has a = 4, b = 5, c = 0
	

	
	x - y = 11
	This has a = 1, b = -1, c = 11
	

	
	4x = 3
	This has a = 4, b = 0, c = 3
	


Second, a system of linear equations is just a collection of these beasts. To solve a system of linear equations means to find a solution (or solutions) (x, y) that simultaneously satisfies all of the equations in the system.

Example System of Linear Equations
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This is a system of two linear equations with solution x = 5, y = 4. We can also write the solution as (5, 4).

2. Solving a System of Two Equations Graphically

The solutions to a single linear equation are the points on its graph, which is a straight line. For a point to represent a solution to two linear equations, it must lie simultaneously on both of the corresponding lines. In other words, it must be a point where the two lines cross, or intersect.

Thus, to locate solutions to a system of two equations in two unknows, plot the graphs, and locate the intersection points (if any).

Example Systems
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Solution: (1.5, 1)
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No solution (The lines are parallel.)
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Solutions: There are infinitely many solutions

(Both equations are represented by the same line.)

Every point on this line gives a solution. A general formula for the solution can be obtained by solving either one of the equations for x in terms of y:
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General Solution: 
We can also write the general solution as (2y-2, y). 

Choosing a particular value for y gives a particular solution. For example choosing y = 3 gives the particular solution (4, 3), which is a point on the line.

3. Solving a System of Two Equations in Two Unknowns by Elimination

The problem with the graphical approach is that it only gives approximate solutions; locating the exact point of intersection of two lines would require perfect accuracy, which is impossible in practice. 

The method of elimination is an algebraic way of obtaining the exact solution(s) of a system of equations in two unknowns by manipulating the equations in such a way as to eliminate of the variables (x or y). The best way to understand this method is through some examples. 

Examples 

[image: image43.wmf]1. Solve:

If we simply add these equations (add the left-hand sides and the right-hand sides) the y's cancel out, and we get 3x = 6, giving x = 2. 

To obtain y, we substitute x = 2 in either of the two equations (let us choose the first): 

2(2) + 3y = 4, giving 4 + 3y = 4, so that 3y = 0, or y = 0. Thus, the solution is (x, y) = (2, 0). 
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2. Solve:

This time, adding (or subtracting) the equations does not result in either x or y being eliminated. However, we can eliminiate x by multiplying the first equation by 3 and the second by -2: 

	
	2x + 3y = 3
	( 3
	
	6x + 9y = 9

	
	3x - 2y = -2
	( (-2)
	
	-6x + 4y = 4


Now if we add them, we get 13y = 13, giving y = 1.

To obtain x, we substitute y = 1 in either of the two equations (let us choose the first): 

2x + 3(1) = 3, giving 2x + 3 = 3, so x = 0. Thus, the solution is (x, y) = (0, 1).

Question: In the graphical approach to solving linear systems of equations with two unknowns, we saw cases where there were infinitely many solutions (both equations representing the same line) and no solutions (the equations representing parallel lines). How can we tell if this is happening in the algebraic approach?

 
Answer: Let's illustrate these possibilities with examples. 

a) Example of a System with Infinitely Many Solutions
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We can eliminate x by multiplying the first equation by 2 and then adding it to the second. Doing the above results in the equation 0 = 0, which actually tells us nothing. The reason this occurs is that both equations represent the same striaght line, (graph them to see why) and so they are infinitely many solutions (see above). 

In the case we have here, we can solve either one of the equations for x in terms of y to obtain the general solution as:
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b) [image: image47.png]


Example of a System with No Solutions

Again, we can eliminate x by multiplying the first equation by 2 and then adding it to the second. However, this time, we wind up with the equation 0 = 4, which is absurd. 

What this is telling us is the following: 

If there was a solution (x, y) for the given system, then we could conclude that 0 = 4. However, 0 is not equal to 4, and so there could not have been a solution to begin with! (This form of argument is called "proof by contradiction.") Geometrically, the lines representing the two equations are parallel lines, and thus do not intersect (see above for another example).

4. Solving Systems of Three and More Equations

This requires some elementary knowledge of matrices (although a good amount of persistency/luck could do), but we will not bother you with that, as you will not be needing it for this year’s courses. So...

That’s all, Folks !

The most painful thing about mathematics is how far away you are from being able to use it after you have learned it.

(James R. Newman)

Oh yeah, one more thing: “n faculty”: n! = n(n-1)(n-2) ... 1 (example: 4! = 4(3(2(1 = 24)

Just in case you need it…
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